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We report a theoretical overview of the magnetic domain wall behavior under an electric current
in infinitely-long nanotubes with azimuthal magnetization, combining the 1D analytic model and
micromagnetic simulations. We highlight effects that, besides spin-transfer torques already largely
understood in flat strips, arise specifically in the tubular geometry: the Œrsted field and curvature-
induced magnetic anisotropy resulting both from exchange and material growth. Depending on
both the geometry of the tube and the strength of the azimuthal anisotropy, Bloch or Ne´el walls
arise at rest, resulting in two regimes of motion largely dominated by either spin-transfer torques or
the Œrsted field. We determine the Walker breakdown current in all cases, and highlight the most
suitable parameters to achieve high domain wall speed.
I. INTRODUCTION
Magnetic nanowires and to a lesser extent nanotubes
have been synthesized for three decades, and mostly inves-
tigated magnetically as large assemblies[1–4]. The num-
ber of investigations at the scale of single objects has
been sharply increasing in recent years, through sensitive
analytical techniques[5, 6], magnetic microscopies[7–10]
or electric transport[11–15]. The focus has been largely
devoted to magnetic domain walls (DWs), motivated by
the prediction of existence of a new type of DW in soft-
magnetic nanowires and nanotubes with head-to-head do-
mains, characterized by the absence of Walker breakdown
and thus high DW speed[16, 17], and a new dynamic
regime with emission of spin waves[18]. The picture of
DWs at rest[8, 19] and their quasistatic motion[14, 20–
22] has been confirmed experimentally in wires, however,
reports on their mobility and precessional dynamics are
only emerging[23].
While theory predicts that domains are longitudinally-
magnetized in nanowires and nanotubes made of a soft-
magnetic material, in recent years several experimen-
tal reports pointed at the possible existence of mag-
netic domains with fully or partly azimuthal magnetiza-
tion, at least at the outer periphery of the object, both
wires[24, 25] and tubes[10, 26]. The dipolar field min-
imization in the finite-length[27–29] or diameter modu-
lated wires[30–32] may promote such stated. However,
the unambiguous observation of azimuthal magnetization
in very long nanotubes can only be explained by the
existence of a microscopic contribution to the magnetic
anisotropy, favoring the azimuthal and not longitudinal
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magnetization direction, e.g., through magnetostriction.
DWs emerge between two such domains with opposite
circulation, which do not move under the application of a
uniform magnetic field[25], as the Zeeman energy of both
domains is the same. It is thus expected that only an elec-
tric current may set such DWs into motion. Interestingly,
besides the conventional spin-transfer torques, a signifi-
cant Œrsted field directly coupled to azimuthal magne-
tization through Zeeman energy may exist in a tubular
geometry. Its amplitude may reach several tens of mT for
nanotube diameter of few tens of nanometers and for cur-
rent densities comparable to those required for the spin-
transfer-torque-induced DW motion, e.g., of the order of
1012 A/m2. Curvature-induced anisotropy together with
Œrsted field effects suggest that according to the DW
type their dynamical features may be very different from
the case of thin flat strips, now well established theoreti-
cally and experimentally[33, 34]. While the effect of the
Œrsted field has been reported for the DW nucleation at
the ends of axially-magnetized wires[35, 36] and drafted
for the DW motion in these structures[37], there exists no
overview of the Œrsted field effect on the DW motion in
nanotubes with azimuthal magnetization.
It is our purpose here, to draw the general picture of
current-driven DW motion in the case of azimuthal do-
mains in the tubular geometry, ahead of experimental re-
ports. We consider nanotubes and not nanowires, and
with outer diameter below 100 nm, for the sake of sim-
plicity. This way, we expected to extract unambiguously
the physics of DWs in relation with size and curvature,
and with the strength of azimuthal anisotropy. We com-
bine analytical modeling and micromagnetic simulations
to draw the panorama of the statics of DWs, and their
dynamics under applied current including spin-transfer
torque effects and the Zeeman effect of the Œrsted field.
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2II. THEORETICAL FRAMEWORK
A. General micromagnetic framework
Domains and DWs in a ferromagnetic material are usu-
ally described within the framework of the micromagnetic
theory [38], which is based on a continuous description of
the unit magnetization vector m and of all other quan-
tities. In the presence of a spin-polarized electron flow
through magnetic texture, the time evolution of m is gov-
erned by the Landau-Lifshitz-Gilbert (LLG) equation[39],
generalized with the so-called adiabatic and nonadiabatic
spin torques[40]:
dm
dt
=
γ0
µ0Ms
m× δE [m]
δm
+ αm× dm
dt
− [U · ∇]m+ βm× ([U · ∇]m) , (1)
with γ0 = µ0|γ| the gyromagnetic ratio, α the phe-
nomenological Gilbert damping coefficient, and E [m] the
functional of volume density of energy of the system,
which may include exchange, magnetostatic, anisotropy
and Œrsted field contributions. The spin-transfer torque
contributions are proportional to the electric current J
via U = −µBPJ/(eMs) with P the spin-polarization ra-
tio, µB the Bohr magneton, e the (positive) elementary
charge, β the non-adiabatic coefficient.
In most cases the functional for the volume density of
energy has a non-trivial dependence on spatial coordi-
nates, and requires a fully numerical treatment. Never-
theless, under some conditions it may be simplified and
thus the behavior of the magnetic texture may be pre-
dicted analytically. In the next section we described as-
pects specific to the case of the tubular geometry with a
thin shell.
In this paper we combine analytical results with nu-
merical solutions of Eq.(1), obtained using the home-
built finite element freeware feeLLGood[41–43]. We con-
sider the material parameters of Permalloy Ni80Fe20 as
a prototypical soft magnetic material: exchange stiffness
A = 13 pJ/m, µ0Ms = 1 T the spontaneous induction,
and P=0.7 the spin polarization of conduction electrons.
We use α = 1 to reach equilibrium configurations, and
α=0.02, β=0.04 to describe the dynamics of DWs under
current.
B. Micromagnetism in the tubular geometry
In the following we make use of the cylindrical ba-
sis (eρ, eφ, ez) for referencing locations in space. We
described the unit magnetization vector m with spher-
ical coordinates, fully determined by two angles: polar
FIG. 1. (a) Sketch of the basis of cylindrical coordinates de-
scribing positions in space, and the two angles defining mag-
netization in a spherical basis. (b) Sketch of the nanotubes
cross section. Illustration of four magnetic textures: (c) axial
single domain; (d) azimuthal single domain, (e) Ne´el-like DW;
(f) Bloch-like DW. Here lex and Λ0 stands respectively for the
dipolar exchange length and the effective anisotropy exchange
length and are defined later in the text.
θ = θ (ρ, φ, z), and azimuthal Ψ = Ψ (ρ, φ, z) as follows:
m =
mρmφ
mz
 =
sin θ cos Ψsin θ sin Ψ
cos θ
 , (2)
These notations are illustrated on Fig.1(a), and are com-
mon for the tubular geometry[4, 16, 44].
An azimuthal component of magnetization corresponds
to Ψ 6= 0. It gives rise to a curvature-induced con-
tribution to the exchange energy inversely proportional
to the square of the nanotube’s radius[44]. This favors
alignment of magnetization along the nanotube axis, to
avoid this energy. Therefore, the experimental observa-
tion of azimuthal domains in long nanotubes, for which
magnetostatic energy associated with the nanotube’s ends
can be disregarded to favor azimuthal magnetization such
as in curling states[27, 28], hints at the existence of
an extra energy term favoring the azimuthal direction.
Here we will describe it phenomenologically as its mi-
croscopic origin is not proven at present, either magne-
tostriction combined with curvature-induced anisotropic
strain, or inter-grain interface anisotropy combined with
anisotropic grain shape. Azimuthal anisotropy may be
taken into account either as an easy-axis anisotropy con-
tribution along the azimuthal direction −Kφm2φ with
Kφ > 0, or as a hard-axis anisotropy contribution along
the nanotube axis Kzm
2
z with Kz > 0. From Eq.2 it
appears that the two descriptions are equivalent only for
Ψ = pi/2, with Kz = Kφ, i.e., in the absence of radial
component. Experimentally, the anisotropy field associ-
ated with the azimuthal anisotropy has been found not
to exceed a few tens of mT so far[26], which is negligi-
ble against the cost of radial magnetization, analogous to
a perpendicularly-magnetized film in rolled-strip picture
for a nanotube, see Fig.1). However, this difference must
3show up in critical situations, e.g. at the transition from
Ne´el to Bloch DWs upon increasing the nanotube thick-
ness (analogous to the thickness of a thin film). In the
present work we make the choice of a hard-axis anisotropy
contribution along the nanotube axis. This slightly favors
radial magnetization against the choice of an easy-axis
anisotropy contribution along the azimuthal direction, for
a given value of K, so that the transition from Ne´el to
Bloch DWs is expected to occur at a slightly lower nan-
otube thickness. This must be kept in mind, as we will
see in the following that the type of DW occurring has a
crucial impact on their dynamics. Besides, for the sake of
completeness, in the present work we consider also values
of anisotropy much larger than those reported so far, so
that the difference between the two choices becomes even
more significant.
In the following, we include the phenomenological hard-
axis anisotropy term in the so-called thin-shell analytical
model detailed in Ref.44. The principle of this model
is to evaluate the magnetostatic energy by neglecting the
contributions of magnetic volume charges and considering
only the surface penalty for magnetization pointing along
the normal to the cylindrical surface, analogous to a rolled
thin film. Therefore, the model is best suited to describe
thin nanotubes. In this case the functional for the volume
density of energy reads:
E [m] =
∫
dV E0 [m]
=
∫
dV
[
A (∇m)2 + µ0M
2
s
2
m2ρ +Km
2
z
]
. (3)
To describe the DW dynamics we work in the frame
of a 1D model, boiling down to a z-dependance only of
all quantities. This takes advantage of the cylindrical
symmetry, assuming an azimuthal invariance, and also no
variation along the radius, which is reasonable in the case
of thin nanotubes. Therefore, θ (ρ, z, φ) and Ψ (ρ, z, φ)
become θ(z) and Ψ(z). The energy functional Eq.(3) be-
comes
E [m] = SA
∫
dz
[
(dzθ)
2
+ sin2 θ (dzΨ)
2
+
sin2 θ
λ2
+
sin2 θ cos2 Ψ
l2ex
+
cos2 θ
W 2
]
= S
∫
dz E0 [θ(z),Ψ(z)] , (4)
with W =
√
A/K, `ex =
√
2A/µ0M2s the dipolar ex-
change length, S = pi
(
R2e −R2i
)
the surface of the nan-
otube section and λ =
√
(R2e −R2i ) /(2 ln(Re/Ri)). Here,
Re and Ri denote, respectively, the external and the in-
ternal radius of the nanotube. The two first terms in the
integral (4) correspond to the exchange energy commonly
found in 1D DW dynamics models such as for flat strips,
whereas the third term is the curvature induced exchange
energy, specific to the tubular geometry. The parameter
1/λ may be seen as the curvature parameter, which value
is large for small radius and approaches zero when the
radius becomes infinite. Also, λ is similar to the radius
for thin-shell tubes (Re ≈ Ri). The fourth term in Eq.(4)
corresponds to the demagnetization energy and the last
term is the contribution of the uniaxial anisotropy.
For the sake of future discussion on the residual quan-
titative differences between this 1D model and full micro-
magnetic simulations, let us summarize the key approxi-
mations of the 1D model: absence of radial dependance
of magnetization, and magnetostatic energy taken into
account as a local ultrathin-film-like term.
III. DOMAINS AND DOMAIN WALLS AT REST
Following the standard procedure of the energy func-
tional minimization [Appendix A] we obtain a set of two
differential equations describing equilibrium magnetic dis-
tributions:
θ′′ = sin θ cos θ
[
Ψ′2 − 1
Λ20
+
cos2 Ψ
`2ex
]
, (5)
Ψ′′ sin θ + 2Ψ′ cos θ = − sin θ sin (2Ψ)
2`2ex
, (6)
with Λ20 = A/ (K −K1) and K1 = A/λ2. Λ0 is the effec-
tive anisotropy exchange length for azimuthal magnetiza-
tion. It is not straightforward to find analytical magneti-
zation profiles satisfying both Eqs. (5)-(6). Nevertheless,
it is possible to find some particular solutions.
a. Azimuthal versus axial domains. Two triv-
ial stable solutions are {θ = 0 ; Ψ = cst} and
{θ = pi/2 ; Ψ = pi/2}. These correspond to axial [longi-
tudinal, Fig. 1(b)] and azimuthal [Fig. 1(c)] domains,
respectively.
The total energy Etot of the axial single domain state
is V K, against V A/λ2 for the azimuthal single domain
state. Here, V = LS is the volume of the nanotube, S
being the area of its cross-section and L its length. The
ground state is therefore axial magnetization for K < K1,
and azimuthal magnetization for K > K1, which is well
known[4]. The underlying physics is already clear from
the examination of the third and fifth terms on the right-
hand side of Eq.4: noticing that sin2 θ = 1 − cos2 θ,
curvature-induced exchange and the azimuthal anisotropy
of microscopic origin play competing roles. They are ex-
actly balanced for W = λ, and thus for K = K1. Fig.2
shows K1 versus the nanotube thickness and for different
nanotube diameters.
To set an order of magnitude, K1 is of the order of mT
for realistic material parameters and radius: K1 ≈ 8 mT
for Re = 50 nm and Ri = 40 nm, dropping [10, 45].
b. Ne´el-like and Bloch-like domain walls. Here we fo-
cus on domain walls in infinitely-long tubes, separating
4FIG. 2. Threshold values of the hard-axis anisotropy strength
K1 as a function of the nanotube thickness for three different
external radius. The markers with the errorbars correspond to
an estimation of K1 obtained with micromagnetic simulations.
two domains with azimuthal magnetization of opposite
directions, which from the above we expect for K > K1.
Note that the case of domains with axial magnetization,
such as expected for K < K1, has been already well
described[16, 46–48]: domain walls may be of either trans-
verse type or azimuthal type (also called curling or vor-
tex wall). The former is promoted for small diameter and
thick shell, while the latter is promoted for large diameter
and thin shell.
On a theoretical basis, profiles of domain walls shall be
found for a uniform value Ψ = pi/2 or θ = pi/2 along the
entire tube. On this basis, we shall consider two cases to
reduce the partial differential equation describing magne-
tization [Appendix B].
For Ψ = pi/2, we find the following magnetization pro-
file:
mρ = 0, mφ = ± tanh
(
z
Λ0
)
, mz = cosh
−1
(
z
Λ0
)
,
(7)
This is a DW of length Λ0, for which magnetization
remains parallel to the tube surface at every loca-
tion [Fig.1(e)]. By unrolling the surface of the cylinder,
mapping it to a flat strip aligned along z and width 2piR
with periodic boundary conditions, we notice that this
corresponds to a 180° Ne´el DW, so that we will refer to
it as a Ne´el DW in the following.
For θ = pi/2, we find the following magnetization pro-
file:
mρ = cosh
−1
(
z
`ex
)
, mφ = ± tanh
(
z
`ex
)
, mz = 0,
(8)
This is a DW of length `ex, for which magnetization is
perpendicular to the surface of the nanotube at the center
FIG. 3. (a) Ne´el DW magnetization profile along z direction.
Black dashed lines correspond to the equation (7). Red and
blue lines correspond to micromagnetic profiles averaged over
ρ and φ for two nanotube shell thicknesses: ∆R=5nm and
∆R=20nm. The following parameters have been used: α = 1,
K = 2× 104 J/m3, Re = 50 nm, L =1500nm. (b) Micromag-
netic distribution of Ne´el and Bloch DW.
of the DW [Fig.1(f)]. By unrolling again the surface of
the cylinder, mapping it to a flat strip, this corresponds
to a 180° Bloch DW, so that we will refer to it as a Bloch
DW in the following.
Within the 1D model, the thickness of Ne´el and Bloch
walls is given, respectively, by the effective anisotropy ex-
change length Λ0 and the dipolar exchange length lex.
This is a direct consequence of the approximated dipolar
energy used in Eq. (3) together with the 1D model as-
sumption which allow Ne´el walls (resp. Bloch walls) to
be, independent of the strength of the dipolar field (resp.
the effective anisotropy field).
In order to characterize both DWs versus the
anisotropy coefficient K, we calculate their total energy
using Eq.(4), and their length using the so-called Thiele
definition[16, 49]:
∆T =
2S∫
dz
[
(dzmρ)
2
+ (dzmφ)
2
+ (dzmz)
2
] . (9)
The Thiele definition is of particular relevance for the dis-
cussion of DW dynamics, as will be considered in the next
section, and of practical interest to compare the 1D model
with fully 3D distributions resulting from micromagnetic
simulations. For the 1D model considered here, (9) sim-
plifies to ∆T = Λ0 for the Ne´el DW and ∆T = `ex for the
5FIG. 4. (a-b) Total energy and (c-d) DW length as a function
of the hard-axis anisotropy parameter K. Solid lines corre-
spond to the 1D model and crosses to micromagnetic sim-
ulations. The red (resp. blue) color highlights the case of
Ne´el (resp. Bloch) DW being of lower energy in the micro-
magnetic simulations, thus the ground state under static con-
ditions. For all graphs the following parameters have been
used: α=1, Re = 50 nm, L = 700 nm, while ∆R = 5 nm and
∆R = 20 nm in the left and right columns, respectively. Ver-
tical dashed line highlight K2 values expected from the 1D
model.
Bloch DW.
Fig.3 shows an example of DW profile, comparing the
1D model with 3D micromagnetic simulations. The 1D
model appears fairly faithful, especially for thin-shell
tubes. Fig.4 allows a global comparison, displaying the
total energy and the Thiele length for both types of DWs
as a function of the hard-axis anisotropy coefficient K.
This figure highlights the existence of a cross-over value
for anisotropy, for which both DWs have the same en-
ergy, and incidentally the same length. This is a direct
consequence of the tradeoff between anisotropy (and to a
lesser extent azimuthal exchange) energy disfavoring lon-
gitudinal magnetization in the core of a Ne´el Wall and
out-of-plane-like magnetostatic energy dominating in the
core of a Bloch DW. This explains that the 1D model
predicts the cross-over for K2 = A(1/λ
2 + 1/`2ex). For
K < K2 the Ne´el DW is the ground state. Its width Λ0
results from the competition between exchange and mag-
netostatic energy of the DW. It scales with 1/(K −K1),
diverging at K = K1, reflecting the softening of effec-
tive anisotropy and the continuous transition from a Ne´el
DW to an axial mono domain. For K > K2, the Bloch
DW is the ground state. Its energy and length are in-
dependent of the strength of axial anisotropy, as there
are no magnetic moments pointing along the axial direc-
tion. According to the 1D model, the nanotube thickness
has an impact on the DW energy, however not changing
significantly the cross-over between the Ne´el and Bloch
DWs. Indeed, the threshold values of the anisotropy K1
and K2 depend on the nanotube thickness, however their
variation remains moderate: K1 = 0.57× 104 J/m3 and
K2 = 40.37× 104 J/m3 for 5 nm thickness and K1 =
0.81× 104 J/m3 and K2 = 40.62× 104 J/m3 for 20 nm
thickness.
Micromagnetic simulations agree reasonably well with
the 1D model for DW energies and lengths for thin-
shell nanotubes (∆R < 5 nm), while the discrepancy is
more pronounced for thicker shell nanotubes. This has
a sizeable impact on the threshold anisotropy value K2,
which the simulations find lower than the 1D model pre-
dicts. For instance in micromagnetics, Bloch DWs are al-
ready the ground state for K = 15× 104 J/m3 and 20 nm
thickness, while the 1D model predict a value around
40× 104 J/m3. This difference is less pronounced for thin-
ner shells, but still significant.
We attribute this discrepancy to the demagnetization
energy, which is imperfectly taken into account in the 1D
model, as a local term and focusing on surface magnetic
charges, not volume magnetic charges. In the case of
nanotubes, volume charges can be approximated by ne-
glecting, respectively, the variation of mρ and mφ along
the radial and azimuthal direction as follows:
ρm = −Ms∇ ·m ≈ −Ms(mρ/ρ+ dmz/dz). (10)
In Eq.(10), the first term results from the curvature. It
matters for Bloch DWs, however depends only weakly on
the thickness of the shell. Indeed, it simply reflects a
shift of surface charges from the inner surface to the vol-
ume, to account for the unequal inner and outer surface
and preserve the total amount of charges of the Bloch
DW, so that in the end it is already reasonably taken
into account in the 1D model. The second term shows
up specifically in the Ne´el DW, giving rise to an inter-
nal demagnetizing field, and is not considered in the 1D
model for the Ne´el. The physics revealed by the micro-
magnetic simulations is therefore analogous to the transi-
tion from Bloch to Ne´el DWs in thin films upon lowering
their thickness[50], resulting from a tradeoff between ver-
tical versus planar demagnetizing fields. Therefore, we
expect that for nanotubes of large diameter and there-
fore negligible curvature effects, the transition from Ne´el
to Bloch or even cross-tie DWs[10] is found for a value
of thickness to that in thin films[51]. Thus, while the
trends for DWs in nanotubes with azimuthal magnetiza-
tion can be understood with an analogy to a rolled thin
film and the 1D model, Fig.3 reveals an effect specific to
nanotubes: in micromagnetic simulations, the radial com-
ponent of magnetization mρ in a Ne´el DW is non-zero, an
effect growing with the shell thickness. The reason is the
existence of volume charges, which were already known to
induce a radial tilt of magnetization for Bloch-point DWs
in nanowires[16] and vortex DWs in nanotubes[17, 44]
with head-to-head magnetization. For these DWs the tilt
is monopolar, while for a Ne´el DW the tilt is bipolar, as
it is associated with a dipolar distribution of charges. An
alternative view is that, mathematically, ρm is decreased
as dmz/dz and mρ have opposite signs.
6IV. 1D MODEL OF DOMAIN WALL MOTION
In this section we investigate the dynamics of Ne´el
and Bloch DWs by means of a 1D model, the varia-
tional formulation of the LLG equation, and the col-
lective coordinate method. We consider the dynamics
driven by a homogeneous charge electric current flow-
ing along the axial direction of the nanotube J = J ez.
The current couples to magnetization through two effects.
First, it induces an Œrsted field in the entire nanotube,
and second, it gives rise to spin-transfer torques in the
DW.Œrsted field have been considered theoretically, for
example, to assist magnetization reversal in cylindrical
core-shell nanostructures[35]. We take into account both
effects.
A. Œrsted field
The Œrsted field within the nanotube shell (Ri ≤ ρ <
Re) reads
HŒ (ρ) = eφJρ
[
1− (Ri/ρ)2
]
/2, (11)
which modifies the energy density functional (Eq.4) as
follows:
E [θ(z),Ψ(z)] = E0 − 2A sin θ sin Ψ
`2OE
. (12)
Here we introduced the characteristic length `OE =√
2A/(µ0MsHŒ), with HŒ defined as the averaged value
of the Œrsted field inside the nanotube shell
HŒ = JR =
J (Re −Ri) (Re + 2Ri)
3 (Re +Ri)
. (13)
The quantity `OE could be called the Œrsted exchange
length, balancing exchange and Œrsted-Zeeman energy,
in analogy to the dipolar exchange length `ex. To set an
idea, the Œrsted field at the external nanotube surface is
6-20 mT for a current density J = 1× 1012 A/m2 in a nan-
otube of radius 50 nm and shell thickness ∆R = 5−20 nm.
While no experiments of current-induced DW motion
have been reported in nanotubes to date, the latter pa-
rameters for radius and current density are similar to
the case of DW motion in cylindrical nanowires reported
experimentally[23].
B. Equation of motion
In order to quantify the DW motion we use so-called
collective coordinate method [40, 44], in which the whole
magnetic texture is described with a small number of
macroscopic variables. This simplifies the resolution of
the dynamics of magnetization using the variational for-
mulation of Eqs.(1) and (12), detailed in Appendix C.
The core of the collective variables method is to find a
suitable ansatz for the DW profile, to get an exact ex-
pression for the action and the dissipation function of the
system[52, 53]. This allows one to construct a tractable
set of differential equations for each time-dependent col-
lective variable. Assuming that the DW remain rigid dur-
ing motion, we introduce the coordinate of the center of
the DW z0(t), its length Λ(t) and its radial tilt χ(t). For
our purpose we set the following ansatz for the DW pro-
file:
mρ = sinχ(t) cosh
−1
[
z − z0(t)
Λ(t)
]
,
mφ = tanh
[
z − z0(t)
Λ(t)
]
,
mz = cosχ(t) cosh
−1
[
z − z0(t)
Λ(t)
]
. (14)
The ansatz (14) allows to describe Ne´el and Bloch DWs,
depending on the value of χ. At t = 0, the collective
variables are initialized to their values at rest: z0 = 0,
Λ = Λ0, χ = 0 for the Ne´el DW, and z0 = 0, Λ = `ex,
χ = pi/2 for the Bloch DW.
After some algebra (see Appendix C), we obtain the
following equations of motion for each collective variable:
Λ˙
Λ
=
12γ0A
αpi2µ0Ms
(
1
Λ2
− cos
2 χ
Λ20
− sin
2 χ
`2ex
)
, (15)
z˙0 =
χ˙Λ
α
− γ0Λ
α
HŒ +
β
α
U, (16)
χ˙ =
1
τ(1 + α2)
[
2HŒ
Ms
− α sin (2χ)
(
1− `
2
ex
Λ20
)]
+
U
Λ(α+ 1/α)
(
1− β
α
)
, (17)
with τ = 2/(γ0Ms) and U = −µBPJ/(eMs).
These equations are analogous to 1D models for the
combined field and current-driven motion of DWs with
axial domains, in nanostrips[53, 54] or for vortex DWs
in thin-shell nanotubes[44, 55]. Indeed, if we permute
the magnetization and current-induced magnetic field
from the azimuthal to the axial direction and vice versa,
we recover the system behaviour described previously.
However, new terms related to the hard-axis anisotropy
contribution may play a significant role, in particular
(1 − `2ex/Λ20). Besides, in contrast to the case of ex-
ternal uniform longitudinal magnetic field case reported
previously[44], the strength of the Œrsted field is linked
to the charge current flowing through the nanotube, so
that the corresponding driving force cannot be considered
separately from that of spin-transfer torques.
Similar to the case of strips, a low current enables a
steady-state solution with χ˙ = 0, while above a cross-
over value of currents a so-called Walker regime sets in,
7FIG. 5. (a) Schematics for the cases of competing and cooper-
ating Œrsted and spin-transfer torques, depending on the rel-
ative sign of domains circulation and applied current. For each
configurations, we sketch two possible situations: an Œrsted
field dominated dynamics (upper plot) and a spin-transfer-
torque-dominated dynamics (lower plot). (b) Upper plot: ab-
solute value of JW given by Eq.(18) versus the magnitude
of anisotropy K for two nanotube thicknesses: 10 nm (solid
lines) and 20 nm (dashed lines). Lower plot: absolute value
of JW versus K obtained in micromagnetic simulations for
20 nm shell thickness. In both cases, black color stands for the
omission of spin-transfer torques, while red (resp. blue) stand
for cooperating (resp. competing) Œrsted and spin-transfer
torques. The external radius value is Re = 50 nm.
with χ˙ 6= 0. However, in contrast to flat strip and de-
pending on the circulation of the azimuthal domains with
respect to the direction of current, two distinct situations
occur. In the first case the Œrsted field and the spin-
transfer torques cooperate, meaning that they tend to
move the DW in the same direction. In the second case
they compete. Indeed, spin-transfer always promote mo-
tion along the flow of electrons, while the effect of the
Œrsted field depends on the relative circulation of the
two domains [Fig. 5(a)]. We will see that this competi-
tion has consequences both in the steady state and Walker
regimes, for both Ne´el and Bloch DWs, although quanti-
tative differences show up depending on the DW type.
C. Walker regime
The critical value of the current Jw separating the two
dynamical regimes, steady-state and Walker, reads
JW =
α
µ0MsR
χ0
(
µ0M
2
s
2
− (K −K1)
)
[
1− C± τµBP
2ΛweR
(α− β)
]−1
, (18)
with Λw =
[
1/(2Λ20) + 1/(2`
2
ex)
]−1/2
, χ0 = +1 for an inial
Ne´el DW and χ0 = −1 for an initial Bloch DW. C± =
+1 (resp. −1) for cooperating (resp. opposing) Œrsted
field and spin-transfer torques. The two effects are clearly
separated in Eq.(18), in the first and second brackets:
that of the effective azimuthal anisotropy, and that of
the spin-transfer torque acting through the polarization
of conduction electrons. This is illustrated on Fig.5(b),
and discussed below.
The critical current varies linearly with the anisotropy
K, decreasing in the region with Ne´el DW as ground state,
and increasing in the region with a Bloch DWs as ground
state. This reflects the internal restoring force of the DW
against the excitations, driving it away from equilibrium
during the dynamics. The cross-over from the Ne´el to the
Bloch ground states highlights a soft mode, obviously as-
sociated with no restoring force and thus Walker regime
for any applied current. In this very specific case, the
DW moves along the z axis at constant linear velocity,
with a core precessing in the ρ− z plane at constant an-
gular velocity without changing its length. This case is
analogous to the purely precessional motion of transverse-
vortex DWs in cylindrical nanowires[16, 56–58]. In the
general case the DW speed is oscillating, however for very
large currents J  Jw it is possible to derive an analytic
formula for the time-averaged DW speed from Eqs. (15)-
(17):
〈|z˙0|〉t = αγ0ΛHŒ
1 + α2
+ C±
U (1 + βα)
1 + α2
, (19)
where Λ = Λw corresponds to the time averaged DW
length. In this regime and for realistic values of α, the
Œrsted field dependent term is negligible compared to the
SST dependent term so that the direction of motion is im-
posed by the electron flow. The physics is analogous to
strips, with a combination of motion induced by current
and magnetic field, except that those cannot be fixed in-
dependently in our system since they both originate from
the current density.
Micromagnetic simulations confirm this picture quali-
tatively (Fig.5(b)). Quantitatively, the K2 values for the
8transition of Bloch to Ne´el DWs at rest are lower than
in the 1D model, with a discrepancy increasing with the
shell thickness. As discussed in section III, we attribute
this differences to magnetic volume charges neglected in
the 1D model, further promoting Bloch DWs such as in
thin flat films.
D. Steady-state regime
In the low current regime J < Jw, the out-of-plane
angle χ converges in time to a constant value. During this
process, the DW progressivly accelerates and contracts,
until reaching the steady-state regime with a constant
velocity and length. For very low currents (J  Jw) one
derives:
Λ ' Λ0 and |z˙0| ' γ0Λ0HŒ
α
+ C±
βU
α
(Ne´el), (20)
Λ ' lex and |z˙0| ' γ0`exHŒ
α
+ C±
βU
α
(Bloch), (21)
where Eq.(20) stands for Ne´el DWs and Eq.(21) stands
for Bloch DWs. Once again, Eqs.(20)-(21) are similar to
the case of DW motion in strips, except that the sources
of anisotropy and magnetic field are different. Both types
of DW are in a steady-state regime, with two contri-
butions to the velocity: Œrsted-field-induced and spin-
transfer-torque-induced. The first term is proportional
to the DW width, thus its strength very sensitively on
the DW type, playing a more or less important role in
comparison with the second term. It means that in some
particular cases one may observe either Œrsted-field dom-
inated or spin-transfer-torque-dominated dynamics. For
this reason, below we examine in more detail the dynam-
ics of Ne´el and Bloch DWs, combining 1D model equa-
tions of motion (15)-(17) solved with a standard Runge-
Kutta solver (RKK4), and micromagnetic simulations.
V. DYNAMICS OF NE´EL WALLS
In the steady-state regime, Ne´el DWs may demonstrate
relatively high velocities . Indeed, their dynamics in this
regime is largely dominated by the Œrsted field contribu-
tion, related to a relatively large DW width [Fig. 4(c,d)]
for moderate anisotropy ∼ 1× 104 J/m3, such as typical
for the experimental situation reported so far[26]. Under
these conditions the dipolar restoring force preventing the
transformation of a Ne´el DW into a Bloch DW is large,
and the maximal speed that a DW may reach is around
800 m/s for the material and geometrical parameters con-
sidered here, and almost independent of the nanotube
thickness. However, the mobility is larger for thicker-
shell nanotubes, as in this case the average Œrsted field
induced in the magnetic material is higher for a given den-
sity of current. In turn, this translates in a lower Walker
FIG. 6. Time-averaged DW speed amplitude according to
Eqs.(15)-(17) for a Ne´el DW, versus the density of current. We
considered two thicknesses of shell (∆R = 10 nm and ∆R =
20 nm) and three different situations schematized in Fig.5(a):
black color for absence of spin-transfer torques, red color for
cooperating Œrsted and spin-transfer torques, and blue color
for competing Œrsted and spin-transfer torques. The vertical
dashed lines highlight the value of critical current JW defined
by Eq.(18). The following parameters have been used: K =
2× 104 J/m2 and Re = 50 nm. The inset plot shows the time-
averaged DW speed amplitude on a larger current range with
a shell of 10 nm of thickness.
current JW. The effect of spin-transfer torques is mod-
erated in those conditions (Fig.6), for all nanotube shell
thicknesses studied here. Qualitatively similar behavior
of steady velocities have been observed in micromagnetic
simulations on Fig.7 although the values of velocity are
somewhat lower. To visualize the impact of competing
and cooperating Œrsted and spin-transfer torque, in Figs.
6 and 7 we have plotted the absolute value of the DW ve-
locity, the direction of DW motion being towards positive
z ( resp. negative z ) for cooperating ( resp. competing)
configuration as shown in Fig. 5(a) for Œrsted dominated
dynamics.
To understand the origin of the quantitative difference
between the 1D model and micromagnetic simulations,
we examine the DW length ∆T, maximum of the radial
magnetization component mρ, and steady-state DW ve-
locity (Fig. 8). For a better visibility we kept only those
curves corresponding to purely Œrsted-field-induced dy-
namics, thus without spin-transfer torques. With increas-
ing current the radial component mρ increases and the
DW width ∆T decreases, the latter being analogous to
thin films. As in a field-dominated regime the DW speed
is proportional to the DW width [Eq.(20)], this translates
in a convex variation of DW speed with current. Nev-
ertheless, the DW length is systematically overestimated
by the 1D model. We believe that it is due to the omis-
sion of the demagnetizing field, thus failing to grasp the
narrow core of Ne´el walls[51], predominant for the Thiele
definition of the DW width. This is most likely responsi-
ble for the DW speed overestimation in the 1D model for
9FIG. 7. Comparison of the steady velocity amplitude of a Ne´el
wall, between the 1D model (solid lines) and micromagnetic
simulations (symbols), versus the density of current. Three sit-
uations schematized in Fig.5(a) were considered: black color
for absence of spin-transfer torque, red color for cooperating
Œrsted and spin-transfer torques, and blue color for compet-
ing Œrsted and spin-transfer torques. The following param-
eters have been used: K = 2× 104 J/m2, Re = 50 nm and
Ri = 45 nm.
the Œrsted field dominated dynamics. Note that in spite
of the high velocities that can be reached in this field-
dominated dynamics, the direction of motion of DWs is
dictated by the sign of circulation of azimuthal magneti-
zation in the two domains [Fig. 5(a)]. This means that
two consecutive walls in a nanotube move along opposite
directions. This is probably not desirable for most con-
cepts of devices, implying the absence of propagation of
information, and the possibility for DW annihilation. Fi-
nally, it must be stressed that the critical current JW and
the maximum reachable speed decrease with increasing
and large anisotropy.
Above the critical current JW, depicted with the verti-
cal dashed lines in Fig.6, the average speed drops sharply
and shows an oscillatory decreasing behavior typical for
Walker regime. For very high current densities, unrealis-
tic experimentally, the DW speed rise again with a mobil-
ity proportional to U , see Eq. (19), and is nearly driven
by spin-transfer torque.
VI. DYNAMICS OF BLOCH WALLS
To illustrate Bloch DW behavior we plot in Fig.9 the
time-averaged domain DW speed as a function of the elec-
tric current amplitude, according to Eqs. (15)-(17).
In the steady-state regime below the critical cur-
rent JW, the DW velocity varies linearly with the current
and is largely determined by the effect of the Œrsted field,
due to the demultiplicating 1/α coefficient for the mo-
bility [Eq.(21)]. Nevertheless, the mobility and thus the
maximum speed reachable is much lower than for Ne´el
FIG. 8. Domain wall length (upper panel), maximum out-
of- plane magnetization (middle panel) and DW speed ampli-
tude (lower panel) as a function of the current amplitude for
three nanotube thicknesses and purely Œrsted-field-induced
dynamics. Lines correspond to the 1D model, and symbols
to micromagnetic simulations. The simulations were per-
formed with following parameters: Re = 50 nm, P = 0 and
K = 2× 104 J/m3.
FIG. 9. Time-averaged DW speed obtained with the 1D model
for a Bloch DW versus the density of electric current and for
two nanotube thicknesses (∆R = 10 nm and ∆R = 20 nm) and
for three different configurations: disconsidering spin-transfer
torques (black curves), with spin-transfer torque and Œrsted
field cooperating (red curve), and with spin-transfer torque
and Œrsted competing (blue curve). The vertical dotted lines
highlight the critical current JW defined in Eq.(18). The
following parameters have been used: K = 45× 104 J/m3,
Re = 50 nm and α = 0.02.
DWs with low anisotropy, due to much narrower thick-
ness, `ex, see Fig. 4(c),(d). Also, similar to the case of
Ne´el DWs, the direction of motion in steady regime is dic-
tated by the sign of circulation of the azimuthal domains,
so that two consecutive DWs in a nanotube are expected
to move along opposite directions. The relative difference
of slopes between curves with cooperating or competing
Œrsted and spin-transfer-torque-induced contributions is
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more pronounced in comparison with the Ne´el DWs con-
sidered in Fig.6. This is related to the much narrower
width of the Bloch DWs so that field-induced and spin-
transfer-torque-induced driving forces contribute compa-
rably.
Above JW, the Bloch wall dynamics is largely domi-
nated by the spin-transfer torque. It means that in con-
trast to Œrsted field dominated dynamics the direction
of the DW does not depend on the initial orientation of
the domains and follows the electron flow direction. This
allows better control of DW manipulation if needed. The
DW average speed is asymptotically proportional to C±U
and, as expected, almost does not depend on the shell
thickness. For parameters studied here 1D model pre-
dicts the DW speed increase by 50 m/s for an increase of
the applied current of 1× 1012 A/m2.
The comparison between the 1D analytic model and
micromagnetics demonstrates a qualitatively similar be-
havior for parameters considered here: low critical cur-
rents values Jw [Fig. 5(b)], steady regime below Jw and
spin-transfer-torque-dominated Walker regime above Jw
(Fig. 10). However, the estimation of the DW speed for
the applied current of 1× 1012 A/m2, for instance, gives
some difference in comparison to 1D model for Œrsted
and spin-transfer torque competing and cooperating con-
figuration: 30 m/s and 64 m/s, respectively. In contrast
to 1D model, this indicates that the contribution from the
Œrsted field is approximately 3 times lower than that of
spin-transfer torque and not completely negligible.
Simulations allow to grasp the complexity of the un-
derlying micromagnetic processes above JW, well beyond
the 1D model. In Fig. 10, we show the motion of a
Bloch wall for Œrsted and spin-transfer torque compet-
ing and cooperating configurations. The direction of the
Bloch wall movement is imposed by the electron flow. We
observe the switch of the Bloch wall polarity with inter-
mediate Bloch-Ne´el transformation during its movement
as expected in the Walker regime. It is clear that the pro-
cess of transformation from Bloch DW to Ne´el DW is not
the coherent rotation of the DW core, directly mapped
by 1D model.
Although the DW speed itself depends on the coop-
eration or competition between Œrsted field and spin-
transfer torque [see the timeframe in Fig.10(a)], the com-
mon feature for both configurations is the nucleation of a
vortex-antivortex pairs during Bloch wall polarity switch-
ing. As shown in Fig.10(b), initially the Bloch DW has
a positive polarity (mρ > 0). Magnetization is progres-
sively tilting toward the axial direction until the creation
of one or more pairs of vortex-antivortex encompassing
a small locus with mρ < 0. These move along opposite
directions, contributing to progressively reversing the av-
erage DW polarity, until their mutual annihilation.
Similar but not identical qualitative behavior have been
described in other simulations, such as in strips[59], thin
films[60] or a vortex wall between head-to-head domains
in nanotubes[17, 61]. The nucleation/annihilation pro-
cesses can be formalized on the topological basis of the
so-called skyrmion number preservation[62].
VII. CONCLUSION
We predict features of the statics and current-induced
motion of domain walls in ferromagnetic nanotubes
with azimuthal magnetization. Experimental reports are
emerging on such tubes and walls, however not covered by
existing theories, considering axial magnetization as ex-
pected for a soft magnetic material. We combine theory
based on an analytical 1D model to draw trends and high-
lights the physics at play, with micromagnetic simulations
for an accurate description. While thin-shell tubes may be
mapped to a flat strip by a gedanken unrolling, the result-
ing situation would be analogous to domains with magne-
tization transverse to the strip, which has not been cov-
ered yet. Besides, new physics arises specifically in tube
versus strips, case due to curvature-induced exchange-
related anisotropy, volume magnetostatic energy breaking
the inversion symmetry, and most importantly the inter-
play of an Œrsted field with spin-transfer torque. We dis-
cuss step by step which features are analogous to strips,
and which are specific to tubes.
Key to all results is the transition from Ne´el to Bloch
as ground states for domain walls, the former favored for
large radius, low azimuthal microscopic anisotropy and
low shell thickness. This duality has a key impact on the
dynamics as the Walker current is related to the restor-
ing force between the two types of walls, vanishing at the
transition due to a soft mode. Below the Walker cur-
rent the wall motion is mostly driven by the Œrsted field,
so that successive domain walls move along opposite di-
rections. In this regime, Ne´el walls have a large width
especially in the experimentally-relevant range of moder-
ate azimuthal anisotropy, so that they may reach a speed
close to 1 km/s, while Bloch walls move one order of mag-
nitude slower. Above the Walker current, the motion is
mostly driven by spin-transfer torque, with similar speeds
in both cases and all domain walls moving along the elec-
tron flow. Therefore, a peculiar outcome is the change
of direction of motion of domain walls across the Walker
current, when the Œrsted field and spin-transfer torques
compete.
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FIG. 10. (a) Outer-surface maps for the micromagnetic simulation of the dynamics of a Bloch DW above the critical current.
Two situations are illustrated: competing Œrsted and spin-transfer torque (left panel) and cooperating Œrsted and spin-transfer
torque (right panel). The colors indicate the radial magnetization component mρ, and the two lateral scales are identical . The
system is a Permalloy nanotube with J = 1× 1012 A/m2, K = 25× 104 J/m2, Re = 50 nm, ∆R = 10 nm and α = 0.02.
(b) Enlargement of the magnetic texture around the DW taken at different times during the wall polarity switching process and
corresponding to the situation shown above on the left side. Note that the axial scale has been expanded, to allow for a better
visibility. The white lines correspond to a stream plot displaying the in-plane magnetization vector field (mz,mφ) and the green
lines indicate the iso-contours mφ = 0 (full lines) and mz = 0 (dashed lines). In addition, vortex (V) and anti-vortex (AV) are
indicated, each standing at the intercept between green dashed and full lines, i.e. mρ = ±1.
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Appendix A: Energy functional minimization
In our 1D model, the functions θ(z) and Ψ(z) that min-
imize the energy functional (4) are the solutions of the
following Euler-Lagrange equations:
dE
dθ
− d
dz
dE
dθ′
= 0,
dE
dΨ
− d
dz
dE
dΨ′
= 0 , (A1)
with partial derivatives θ′ = dθ/dz, Ψ′ = dΨ/dz, energy
functional density E = E[m] and E[m] =
∫
dV E[m].
Appendix B: Magnetization profile
By setting Ψ = pi/2, the differential equations (5) - (6)
reduce to:
d2θ
dz2
= − sin θ cos θ
Λ20
. (B1)
By multiplying Eq. (B1) by dθ/dz and by integrating the
differential equation over z, one obtains:
(θ′)2 − cos
2(θ)
Λ20
= Cste. (B2)
For Cste = 0 the solution of Eq. (B2) reads
θ± (z) = 2 tan−1
[
tanh
(
± z
2Λ0
)]
, (B3)
and the domain DW is located at z = 0. The θ+ solution
corresponds to the Ne´el DW between two azimuthal do-
mains, for which mφ=±1 at z=±∞, and θ− to the Ne´el
DW with mφ=∓ at z=±∞.
Similar, by setting θ = pi/2, the solution corresponding
to the Bloch DW reads:
Ψ± (z) = 2 tan−1
[
tanh
(
± z
2`ex
)]
. (B4)
Appendix C: Equation of motion
To derive the time evolution of the collective variables
(15)-(17), we followed the approach used in ref.44. We
started with the LLG equation (1) in spherical coordi-
nates
Q˙ =
γ0
µ0Ms
δE
δP
+
(
1− Q2) [αP˙ + βU dP
dz
]
− U dQ
dz
,
P˙ = − γ0
µ0Ms
δE
δQ
− 1
1− Q2
[
αQ˙+ βU
dQ
dz
]
− U dP
dz
,
(C1)
where we defined Q = cos θ and P = Ψ. Equation (C1)
has a Hamiltonian structure, i.e., P˙ = −dH(Q,P)dQ , Q˙ =
dH(Q,P)
dP with the Hamiltonian density of the system H =
γ0
µ0Ms
E [P,Q] and its Lagrangian density:
L = PQ˙− γ0
µ0Ms
E [P,Q] . (C2)
The equations of motion of the system are given by:
δS
δQ
=
δR
δQ˙
and
δS
δP
=
δR
δP˙
, (C3)
where S =
∫
dtL is the action of the system and L =∫
drL is the Lagrangian. The dissipation function of the
system R =
∫
dt drR reads
R =
α
2
[
Q˙2
1− Q2 +
(
1− Q2) P˙2]+ U [dP
dz
Q˙− dQ
dz
P˙
]
+ βU
[
Q˙dQdz
1− Q2 +
(
1− Q2) P˙dP
dz
]
. (C4)
The next step consists in finding a suitable Ansatz for
the spatial profile of magnetization during the dynam-
ics, which contains a given number of time-dependent
collective variables χi(t), i.e., Q (r, t) = Q [r, χi(t)] and
P (r, t) = P [r, χi(t)]. Then the set of equations (C3) is
replaced by a new set of differential equations:
dL
dχi
− d
dt
dL
dχ˙i
=
dR
dχ˙i
− d
dt
dR
dχ¨i
, (C5)
one for each collective variable. To benefit from this
method it is essential to find an analytic an accurate ex-
pression for the Lagrangian and the dissipation function.
The latter are obtained by integrating over space the
Lagrangian density and the dissipation density function.
Using the Ansatz (14), we find the following expression
for Q and P:
Q =
cosχ(t)
cosh
[
z−z0(t)
Λ(t)
] , P = tan−1
 sinh
[
z−z0(t)
Λ(t)
]
sinχ(t)
 .
(C6)
The Lagrangian of the infinitely long-system associated
to this Ansatz reads
L (z0,Λ, χ) =− 2γ0ASΛ
µ0Ms
(
1
Λ2
− cos
2 χ
λ2
+
sin2 χ
`2ex
+
cos2 χ
W 2
+
2z0
Λ`2OE
)
+ 2Sz˙0 tan
−1
(
1
tanχ
)
(C7)
and the dissipation function:
14
R (z0,Λ, χ) = αS
(
z˙0
2
Λ
+ Λχ˙2 +
pi2Λ˙2
12Λ
)
+ 2SUψ˙ + 2SUβ
(
z0
Λ2
Λ˙− 1
Λ
z˙0
)
. (C8)
Note that some constant terms have been skipped since
they do not contribute to the equations of motion. Fi-
nally, using equations (C5) together with the expressions
(C7) and (C8), we find the equation of motion (15)-(17)
of the main text.
